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Let K/Q, be a finite extension, and let X /K be an algebraic variety. We present a new proof that
the unipotent completion of the étale fundamental group of X% is a pro-de Rham representation, and
show that it is pro-semi-stable whenever X has semi-stable étale cohomology. We also reprove, using
syntomic methods, that it is pro-crystalline at integral base points whenever X admits a smooth proper
formal model. All three proofs use the bar construction and are inspired by Wojtkowiak’s approach to
unipotent fundamental groups.
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1 INTRODUCTION

Let K/Q, be a finite extension with algebraic closure K and Galois group Gg. Let X be an
algebraic variety over K. In p-adic Hodge theory, various properties of the étale cohomology
groups Hi(XE, Qp) as Gg-representations have been established:' They are always de Rham
representations, e.g. [Beil2; DN18; Kis02]. If X arises as the generic fiber of a proper scheme X'
over Ok with semi-stable reduction, then the Hi(XE, Qp) are semi-stable Galois representations,
e.g. [Tsu99; Fal02; Niz08]. Moreover, if X has good reduction, the Hi(XE, Qp) are even crystalline;
see, e.g., [Fal89] for a proof that does not deduce this from semi-stability.

A natural question is how these properties extend to the pro-unipotent completion nft’uni(Xf, X)
of the geometric étale fundamental group of X. This is a pro-unipotent group over Q,, together
with a Galois action induced by a K-rational point x € X(K). Its abelianization is constant,
independent of x and satisfies

ﬂlét’uni(XE’ x)ab(@p) = HI(XE’ Qp)V;

'We do not attempt to give an exhaustive list of attributions for these deep theorems, as this would be longer than
the current body of our paper. Also, we restrict the attributions to results proved in the algebraic setting. Of
course, there is also an extensive list of results for more general rigid-analytic varieties.
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the right-hand side is indeed a de Rham representation. To make sense of the question in general,
we make the following definition:

Definition1.1. Write n'ft’u“i(Xg, x) = Spec(A ), for some uniquely determined commutative

Hopf-algebra A, .. The Gg-action on ﬂft’um(XE, x) determines a Gg-action on A, ,, such that

ét,uni

A x lives naturally in Ind(Repr(GK)). We say that 777 (X, x) is pro-de Rham if A, , lies in
the full subcategory Ind(Repf(ll%(GK)) of ind-de Rham representations.

Remark. In the literature, one usually defines pro-de Rhamness of ﬂft’uni(XE, x) using the

notion of being associated by a comparison isomorphism to the unipotent de Rham fundamental
group. Even if our definition appears to be weaker, once pro-de Rhamness of 7y""™ (X, x) is

established, an isomorphism
1" (X, X) ®q, Bar == 11" (X, X) @ Bar
witnessing that ﬂft’“ni(XE, x) is associated to its Hodge-theoretic counterpart can be established

using the notion of universal unipotent objects; see, e.g. [Had11; Bet23]. The only additional
input from p-adic Hodge theory needed is that HI(XE, Q,) and Hlr(X/K) are associated.

The result of our paper can be stated as follows:

Theorem 1.2. Let X be an algebraic variety over K, and x € X(K) a K-rational point.

ét,uni

(i)  Italways holds that ;" (X%, x) is pro-de Rham.

(i) Ifall Hi(XE, Qp) are semi-stable Galois representations, then nft’“ni(XE, X) is pro-semi-stable.

(iii)  If X arises as the generic fiber of a smooth proper formal scheme X/ Spf(Og) and x € X (Og),

then 71{""™ (X, x) is pro-crystalline.

As with the abelian comparison, the non-abelian statement for de Rhamness has been known
for along time; see e.g. [Vol03; DN18; Bet23]. The statement for crystallinity has been established
by [Ols11]. To the best of our knowledge, semi-stability has so far only been established in the
case of curves [AIK15]. Our approach to de Rhamness and semi-stability begins similarly as
in [DN18], namely by lifting RT(Xz, Q,) to Db(RepﬁiQi(GK)). This is not automatic: the induced
functor Db(Repﬁgi(GK)) - .’Db(Rep@p(GK)) is not fully faithful, and so containment cannot be
shown on cohomology groups. But a lift can be obtained once the étale-de Rham comparison
has been formulated at the level of derived categories. After this, we take a different route.
Their approach uses the motivic realization of nft’“ni(XE, x) constructed by Cushman [Cus02] to
bootstrap the cohomological comparison for de Rhamness from the level of derived categories
to the unipotent fundamental group. One can avoid using the language of motives by directly
realizing A,  from RT'(X%, Q,) through the bar construction. This possibility was first observed
by Wojtkowiak [W0j93]; see also [Ols16]. In our context, we use the precise formulation for étale
sheaves by Dan-Cohen-Schlank. Ind-de Rhamness of A, , can then be deduced by a formal
argument from the fact that the functor Db(Repﬂﬁ(GK)) - Db(Rep@p(GK)) commutes with bar
constructions (after passing to Ind-categories).

To obtain ind-semi-stability of A, ,, we show that, unlike in the case of the inclusion of de
Rham representations into all representations, the inclusion Repap(GK) < Repa}i(GK) extends
to a fully faithful functor on bounded derived categories; ind-semi-stability of A,  is then again
purely formal.
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For ind-crystallinity of A, ,, however, we cannot use the same argument, since Rep%LS(GK) C
Repap(GK) is again not closed under extensions. To get around this, we do not attempt to
directly lift RT (X, Qp) to Db (Repgi)s(GK)). Instead, we use that RT'(Xg, Q,) can be realized from
syntomic cohomology, that the (rationalized) realization functor is symmetric monoidal, and that
its essential image is given by Db(Repgf(GK)). This allows us to give a purely formal argument
once again. Unlike in the other two cases, this relies heavily on constructions in p-adic Hodge
theory that are very recent. However, we can largely treat these as black boxes.

Finally, let us note that we also state and prove versions of Theorem 1.2 for path torsors in all
three cases.
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2 CATEGORICAL PRELIMINARIES

2.1. The main player of this paper is the bar construction in the context of symmetric monoidal
(stable) oco-categories, which we briefly recall: Let (€, ®, 1) be a symmetric monoidal co-category,
and A € CAlg(C) a commutative algebra object. Then one can define a category Mod,4(€) of
A-modules in € [HA, Defn.4.5.1.1]. If € admits geometric realizations of simplicial objects and ®
is exact in each variable, Mod4(C) can again be endowed with a symmetric monoidal structure
[HA, Thm.4.5.2.1]. Informally, for two A-modules M, N, their tensor product is given as

M®uN = coAloipm(M ® A®" @ N).

If € is stable, Mod 4(€) is stable too [HA, Cor.4.5.1.6, Thm.7.1.1.4]. Moreover, if x: A — Tis an
augmentation, then
B(A,x) =1, @4 1

is naturally an augmented coalgebra in € [HA, Thm.5.2.2.17, Rem.5.2.2.19]. Here, we use
the notation 1, (resp. ,1) to indicate that we view 1 as a right- (resp. left-) A-module via the
augmentation x. If y: A — 1is a second augmentation, then

B(A7 x!y) = ﬂx ®A yﬂ

is naturally a B(A, x)-B(A, y)-bicomodule [DH26].
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Lemma2.2. LetC, D bepresentable, stable, symmetric monoidal co-categories. Let F: € — D
be a symmetric monoidal, colimit-preserving functor. Let A € CAlg(2D). Then any lift A €
CAlg(@) of A induces a symmetric monoidal lift F : Mod 7(C) = Mod4 (D) of F.

Proof. This follows, e.g., from [HA, Cor.4.8.5.21]. ]

Remark 2.3. In particular, if x,y: A — 15 are two augmentations in D, lifting to augmenta-
tions X,y : A — 1 in C, then
F(B(A,%,7)) = B(A, x,Y).

We cannot directly apply this in our setup, since bounded derived categories of abelian
categories do not admit all colimits. This forces us to pass to ind-categories:

Lemma 2.4. Let Cbe a small co-category. Let
j: € - 2P(C) = Fun(C°, Ani)
be the Yoneda embedding, and write Ind(C) C P(C) for the ind-category of C.

(i) A functor F € P(C) lies in Ind(C) if and only if there is a functor p: J — € for a small
filtered category J, such that F is a colimit of the composition j o p.

(ii) Letf: € — D be afunctor between small categories. Then f lifts to a functor
Ind(f): Ind(C) — Ind(D)

that is compatible with the Yoneda embedding. If f is fully faithful, then Ind(f) is fully
faithful too.

Proof. Part (i) is [HTT, Cor.5.3.5.4], part (ii) is [HTT, Prop.5.3.5.10]. ]

Lemma 2.5.

(i) Let C be a small, idempotent-complete, stable, symmetric monoidal co-category. Then
Ind(C) is a presentable, stable, symmetric monoidal co-category.

(i) Let f: € — D be a symmetric monoidal, exact functor between small, idempotent-
complete, stable, symmetric monoidal co-categories. Then Ind(f) is symmetric monoidal
and colimit preserving.

Proof. Thisis [HA, Lem.5.3.2.11]. [ |

Lemma 2.6. Let € be a small, stable co-category with a t-structure.

(i)  There is a canonical t-structure on Ind(€) such that the embedding € < Ind(C) is t-exact
and all cohomology functors commute with filtered colimits.

(ii) Let B C €Y be a full abelian subcategory. Set
Cpcon =1x € €| Hi(x) € Bforalli} C €,
where we write H(—) for the cohomology functors of the t-structure. Then
Ind(Cg.con) C {x € Ind(C) | Hi(x) € Ind(B) for all i}.

Proof. Part (i) is [AGH19, Prop.2.13]. For (ii), we use Lemma 2.4: Let x € Ind(Cg..o,,) € Ind(C).
Write x = colimg¢j X, With X, € Cg.., and I filtered. So by (i), we have

Hi(x) = Cglé?l(Hi(xa)) € Ind(B). m
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3 GALOIS REPRESENTATIONS

de Rham Galois representations

3.1. The inclusion Rep%i(GK) - Rep@p(GK) does not induce isomorphisms on Ext!-groups.
In particular, the natural functor

DP(Repfy: (Gy)) — DP(Repa,(Gk))

is not fully faithful, and containment in its essential image cannot be checked on the level of
cohomology groups. To obtain a lift of RT'(Xg, Q,) along this functor, we use the description of
Db(Rep%i(GK)) given in [PZ26, Thm.4.12]. Before we state their theorem, let us recall the setup:

3.2. Let D(Gg,Qp) = D(Mod(Gk, Qp)) be the derived co-category of the category Mod(Gk, Qp)
of Q,-modules on BGx - This will be our appropriate ambient category. Following [PZ26,
§4], we consider the following categories and functors:

(i) By[PZ26, Lem.4.3], there is a fully faithful functor Db(Repr(GK)) < D(Gk, Qp).
(ii) The topological ring B}; yields a commutative algebra object in Mod(Gg, Qp). We set

D(Gx. Bi) = Modgs (D(Gx. Qp)),

i.e. the subcategory of Bjz-modules in D(Gg, Q). Similarly, we define D(Gk, Bgg)- There
are natural base-change functors

D(Gx, Qp) = D(Gg, Bfz) = D(Gk, Bar).

(iii) For € an co-category, we write Cg; = Fun((Z, <)°P, €) for the associated category of filtered
objects. We set Dy (K) = D(Vect(K))s;, where D(Vect(K)) is the derived oo-category of
K-vector spaces.

Theorem 4.12 of [PZ26] can now be stated as follows:

Theorem 3.3. Let K be a finite extension of Q,. Then Db (Rep?ﬁ(GK)) is equivalent, as a sym-
metric monoidal co-category, to the fiber product of the following diagram of co-categories:

DP(Repg, (Gk)) Deu(K)

V'—>V®QPB§{R\) /

2)(GK’ B;R)

Note that this equivalence is automatically exact, and that their proof constructs the equiva-
lence as induced by the natural functors

Rep(, (Gx) < Repq,(Gx) and Dyg : Rep, (Gx) — Dn(K).
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semi-stable Galois representations

We recall the following constructions, due to [EK] and [DN18]:

Construction 3.4. Let M € MF2(¢p, N) be an admissible filtered (¢, N)-module. Emerton-
Kisin [EK] construct a complex K5 (M) € Ch[o’z](Vect(@p)), which is given as

KM= M-S Me M@ My/Fil'My S M,
with differentials
d®: x - (Nx,(¢p —1)x,%) and d': (a,b,c) » (1 — pp)a+ Nb. (1)

Let Homg (M, T) € MF (o, N) be the internal Hom-object. Then we have by [EK, Cor.2.4.4]
that
HI (93 (Hompg, (M, T))) = Exthra oy (M. T) @)

holds for all M, T € MF*(¢p,N).
To get a similar result for weakly admissible filtered (¢, N, Gg)-modules, Déglise-Niziot

construct a complex Hom’(M,T) € Ch[o’z](Vect(@p)) such that
Hi(Hom’(M, T)) = Exthsw(M, T) (3)

holds for all i > 0 [DN18, Prop.2.7]. For our proof of Proposition 3.5, it will be enough to

understand Ext%;;w.(M, T). For this, we only need the homotopy quotient Hom*(M, T) of
Hom"(M , T), which is also constructed in [DN18, §2] and satisfies

H3(Hom’(M, T)) = H3(Hom*(M, T)).

It can be constructed as follows: For M,T € MZF(p, N, Gg), we write Homg, (M, T) for the
maps that are K{}'-linear and equivariant for the (K{'-semilinear) Gg-action. Moreover, let
@ . Vect(K§") => Vect(K(") be the equivalence induced by the absolute Frobenius ¢ : K" —

K{". Then Homﬁ(M ,T) e Chl?! (Vect(Qp)) is defined as

0 1
Homg, (M, T) 2 Homg, (M, ¢, T) ® Homg, (M, T) <> Homg, (M,,T) ,

with differentials
8°: x = (prx — P xPp, NpX — xNpy)

§': (x,¥) P (@.N1)x — pxNpr — pory + (1Y) PM-

In particular, all Ext);4v.-groups vanish for i > 3, and we can use the complex Hom*(M, T to
calculate EXt3 va.

Equipped with these tools, we can show:

Proposition 3.5. The inclusion Repap(GK) < Repg;(GK) extends to a fully faithful functor

DP(Repg, (G)) = D(Rep' (Gy)).
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Proof. 1t suffices to see that the inclusion Repﬁp(GK) < Rep%i(GK) induces an equivalence on
all Ext-groups. For i = 0, this is automatic, and for i = 1, this is known as Hyodo’s theorem (cf.
[EK, Thm.4.5.4]). For the remaining i, we switch to the description of semi-stable (de Rham)
representations by (weakly) admissible modules, via [CF00] and [Ber02]. So it suffices to show
that the inclusion

Jj: MF¥(p,N) &> MF*(p,N,Gg), M —» M @, K’

with Gy acting trivially on M and canonically on K3, induces an isomorphism on Ext'-groups
fori > 2. By (2) and (3), it is clear that the only non-trivial case is i = 2, where we can use
Hom“(M , T) for an explicit calculation: Observe first that for all M, T € MF(p, N), we have

Homg (M, T) = Homg, (M Qk, Kp's T Qk, Kp'),

as K,-vector spaces, since (K§")°k = K,,. Moreover, note that the semilinear Frobenius ¢ : M —
M becomes linear as a map M — @, M. In particular, we obtain the isomorphism:

a: Homg (M, T) AN Homg (.M, ¢, T) oo, Homg (M, ¢, T)

Claim. The diagram

d'=((1-pe),N
Homg (M, T) @ Homg (M, T) $=U-rp) ) Homg (M, T)

| |
(o4
id 0
Homg (M, ¢.T) ® Homg (M, T) T) Homg (M, ¢, T)
commutes.
Proof. Let f,g € HomKO(M , T). By definition, we have
a(d'(0,8)) = ¢ Ny o a(g) — @.g © @ Ny © Py = . Ny 0 ag) — pa(g) o Ny = 8'((a(g), 0)),

where the second equality used the identity ¢..Nys o ¢pr = pPap © Ny as linear maps M — ¢, M.
Moreover, we have a(pf) = @ro f, and thus

a(d'(f,0)) = ¢..f o om — ppro f = 6'((0, ). 4

By the claim, we have dim@p Ext_%,mad(M ,T) = dim@p Ext%,[fwa(M , T). Moreover, the fact

that j induces an isomorphism on Ext' forces, by an elementary calculation [Oor64, Prop.3.3],
injectivity of the natural map

Ju o Extrgaa(M, T) =5 Extirgw(M, T).

Combining this with the dimension equality allows us to conclude.’ [}

2The claim alone does not imply that j, is an isomorphism on Ext?.
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Remark 3.6. Note that an analogous statement for crystalline representations is not true —

the inclusion Repg;S(GK) < Rep%p(GK) already fails to induce an isomorphism on Ext!-groups:

Let g € QF with |q| < 1, and E, the associated Tate elliptic curve. Its rational Tate module V,(E,)
sits in an exact sequence of the form

0 — Q,(1) — V(E) — Q, — 0,

cf. [Ber04, Rem.I1.4.4]. Both Q,(1) and Q,, are crystalline Galois representations, but V,(E,) is
semi-stable with non-trivial monodromy.

4 RELATION BETWEEN THE BAR CONSTRUCTION AND UNIPOTENT FUNDAMENTAL
GROUPS

Construction 4.1. Let f: X — Spec(K) be an algebraic variety, and x € X(K) a K-rational
point. Then x induces an augmentation

RI(Xz, Q) > Qp,
by applying Rf, to the unit @, — Rx,x*Qp,. Using the notation from 2.1, we set
B(x) = (Qp) - ®§F<X§,@p) «+(Qp) € Ind Db(Rep@p(GK)). 4)

Proposition 4.2 ([DS25]). Let F be an algebraically closed field in which p is invertible, and let
X be an algebraic variety over F. Let x € X(F). Define B(x) analogously to (4). Then there is a
commutative diagram

LocSys™i(X) » Comod(H°(B(x)))

~.

Vect(Q,)

The horizontal map is an equivalence of categories, and the diagonal maps are induced by the
augmentations. This diagram is moreover functorial in X.

4.3. In particular, this implies that there is a Gg-equivariant isomorphism
H(B(x)) 2 Ao x

for B(x) associated to an algebraic variety X over K. So if B(x) lies in Ind D? (Rep&i (Gg)), this

implies that n'ft’uni(X—, x) is pro-de Rham in the sense of Definition 1.1. The analogous statement

holds for “de Rham” replaced by “semi-stable” or “crystalline”.

4.4. These results extend to path torsors: Let y € X(K) be a second K-rational point. Pullback
along x and y induces fiber functors x*, y* : LocSys""(Xz) — Vect(Q,), respectively. Consider
the functor from Q,-algebras to sets given by

A — {®-natural A-linear isomorphisms A ® x* = A ® y*}.
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This is pro-representable by an affine Q,-scheme
7™ (X X%, Y) = Spec(Aee . ):

cf. [Mil17, Thm.9.48(a)]. Moreover, A,  ,, is naturally an element of Ind Rep@p(GK), cf. [KimO09,
§2]. We say that nft’“ni(XE, x,y) is pro-de Rham if A, .., € Ind Repgﬁ(GK), and make the
analogous definitions for semi-stability and crystallinity.

Let y* 1 RI'(Xg, Qp) — @, be the augmentation induced by y. Again as in 2.1, we can then
consider

B(x, y) = (Qp)x* ®§F(XK’QP) y*(@p) € Ind Db(Repr(GK)).
Proposition 4.5 ([DS25]).  There is a Galois-invariant isomorphism

H(B(x,y)) =5 Ago x.y-

5 PROOF OF DE RHAMNESS AND SEMI-STABILITY

Theorem 5.1. Let X be an algebraic variety over K, and let x,y € X(K). Then
H°(B(x,)) € Ind(Repg, (Gx))
is ind-de Rham.

Proof. By Lemma 2.5, the natural functor Db(Repgﬁ(GK)) - Db(Rep@p(GK)) extends naturally
to ind-categories, i.e. we have a commutative diagram of the form

DP(Rep (Gg)) — Ind D(Rep: (Gx))

‘| |

DP(Repq, (Gk)) > Ind DP(Repq, (Gk))

Theorem 4.12 of [PZ26] shows that we can lift A = RI'(X%, Q) € CAlg(Db (Rep@p(GK))) to an
object
A € CAIg(D"(Rep (Gx))),

in the case when X is smooth proper and K is replaced by Cp- But the proof of their theorem

shows that the only non-formal input is that the étale-de Rham comparison for Hi(XE, Qp) can
be extended to a canonical isomorphism of algebra objects

RI (X, Qp) ®q, Bir = RTr(X/K) ®k Biy

in D(Gk, Bfy). For general algebraic varieties, this isomorphism is supplied by Beilinson’s com-
parison isomorphism [Beil2, 3.5.5]. In a similar way, we can lift the augmentations A — Q,, to
Db(Rep%i(GK)), since they agree with the augmentations RT4zx(X/K) — K of Deligne’s de Rham
cohomology after base-change to D(Gg, Bgr) (here we use again that the augmentations come
from rational points). Because Ind ¥ is symmetric monoidal, it lifts to a symmetric monoidal
functor Ind(¥) : Mod(A) — Mod(A) by Lemma 2.2. Arguing as in Remark 2.3 shows that
B(x, y) lifts along Ind(¥) to B(x,y) € Ind(Db(Repgﬁ(GK))). We conclude by Lemma 2.6. n
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Corollary 5.2.  Keep the setup of Theorem 5.1, and assume moreover that all cohomology groups
H'(X%, Qp) are semi-stable. Then

H°(B(x,y)) € Ind(Repg, (Gx))
is ind-semi-stable.
Proof. By Proposition 3.5, we have a symmetric monoidal inclusion
b st b dR
DP(Repf (Gx)) & DP(RepR (Gy)).

If all the Hi(XE, Qp) are semi-stable, then we already have R['(X, Q,) € Db(Rep%p(GK)), since

we can check this on cohomology groups by the previous sentence. So for the lift B(x, y) from the
proof of Theorem 5.1, we have in fact B(x, y) € Ind ZDb(Rep%p(GK)), as desired. The remaining
argument is the same as in the proof of Theorem 5.1. ]

6 PROOF OF CRYSTALLINITY

Despite Remark 3.6, we can also prove a slightly weaker crystalline analogue of Theorem 5.1 in
the good reduction case. For this, we use the more robust way to directly encode crystallinity of
RT' (X%, Qp) via syntomification. We do not recall the theory here, since we can run a formal argu-
ment once we know that the syntomic-to-étale realization has the following abstract properties:

Theorem 6.1. Let K/Q), be a finite extension. Write RepCZr:)S(GK) for the category of finite-free
Z,-modules T with Gg-action such that T[1/p] is crystalline.

(i) There is a symmetric monoidal realization functor Ty, : Perf(Oiyn) - Db(RepCZr;S(GK)),
that becomes an equivalence after passing to isogeny categories:

To [1/p]: Perf(O™[1/p] = Db(RepES(Gy)),

(i) Let f: X — Spf(Og) be a smooth proper formal scheme. Then Rf,Q, is contained in the
essential image of Ty, [1/p].

Proof. Part (i) is [Pen25, Prop.4.15]. Part (ii) follows from [Pen25, Prop.4.7]. [

Theorem 6.2. Let K/Q), be a finite extension, and X an algebraic variety that arises as the generic
fiber of a smooth proper formal scheme X over Spf(Ox). Let x,y € X(Ok). Then

H°(B(x,)) € Ind(Repg, (Gx))
is ind-crystalline.
Proof. Again by Lemma 2.5, the functor Ty, [1/p] lifts to a symmetric monoidal equivalence
Ind(Ty,[1/p]) : Ind(Perf(Og)[1/p]) = Ind(LDb(Repaif(GK))).

Write f : X — Spf(O) for the structure map. By Theorem 6.1 we have Rf,Q, € im(Ty,[1/p]).
The essential image of Db(Rep%LS(GK)) - .’Db(Rep@p(GK)) is contained in

Dbon=1Ce€ Db(Rep@p(GK)) |H'(C) € Rep%;S(GK) forall i} C Db(Repr(GK)).
Arguing as before shows that B(x, y) lies in Ind D2, .. [ |

10
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